For a connected graph G containing no bridges, let D(G) be the family of strong orientations of G;
Introduction and terminology

Let D be a digraph with vertex set V (D) and arc set E(D). For v ∈ V (D), the eccentricity e(v) of v is defined as e(v) = max{d(v, x): x ∈ V (D)}, where d(v, x) denotes the distance from v to x. The diameter of D, denoted by d(D), is defined as d(D) = max{e(v): v ∈ V (D)}.
An orientation of a graph G is a digraph obtained from G by assigning to each edge in G a direction. An orientation D of G is strong if every two vertices in D are mutually reachable in D. An edge e in a connected graph G is a bridge if G−e is disconnected. Robbins'celebrated one-way street theorem [24] states that a connected graph G has a strong orientation if and 
An orientation D of G is an optimal orientation if d(D) = → d (G).
The notion of orientation numbers has been studied for various classes of graphs including complete graphs [1, 19, 21, 23] , complete multipartite graphs [1] [2] [3] [4] 7, 8, 22, 25] , cartesian products of graphs [9] [10] [11] [12] [13] [14] [16] [17] [18] 20] and G-vertex multiplications of graphs [15] .
In this paper, we shall launch a new direction in the study of orientation numbers. Our general problem is: given a family of disjoint graphs, study the orientation number and design a corresponding optimal orientation for a resulting graph obtained by linking the given graphs with a set of additional edges. As our first move towards this direction and to make sure that our problem is workable, we confine ourselves on the graphs obtained by adding new edges linking two disjoint complete graphs. More precisely, given two fixed integers p and q with q p 5 and an integer m with 2 m pq, let G(p, q; m), or G m , if there is no danger of confusion, denote the family of graphs that are obtained from the disjoint union of two complete graphs K p and K q by adding m edges linking them in an arbitrary manner as shown in 
It is known [1, 19, 21, 23] 
if n 3 and n = 4; and
Our first task is to show that 
Thus, finally, if = min{m:
, what is the value of ? Our last task is to establish the following:
The first two tasks
We shall prove that 
Before we prove → d (2) = 4, we present a more general result on the class of graphs obtained when 2 edges are added in an arbitrary manner to link 2 arbitrary graphs G 1 and G 2 .
For a graph G and x ∈ V (G), the degree of x in G is denoted by d G (x), and the maxi-
Lemma 1. Let G 1 and G 2 be two bridgeless graphs of orders n 1 and n 2 , respectively, and G * 2 be the family of graphs obtained by adding 2 edges to link G 1 and G 2 . Assume that
Proof. Consider the graph G ∈ G * 2 where x 1 y 1 and x 1 y 2 are the two edges added between
(c) all other edges in G can be oriented arbitrarily.
It can be easily checked that d(F ) = 4. We next prove that for any G ∈ G * 2 ,
Suppose on the contrary that there is a graph G ∈ G * 2 that admits an orientation F such that d(F ) 3. Without loss of generality, we may assume that xy is one of the two edges added where We are now ready to prove the following: 
We shall prove it by contradiction. Suppose F is an orientation of some G in G 3 with d(F ) 3. We may assume that G has one arc of type 1 and two arcs of type 2 (the other case is similar). Let uv be the type 1 arc in To complete the proof, we now provide an orientation of a graph G in G 4 with diameter 3. Let a, b be any 2 distinct vertices in V (K p ) and c, d be any 2 distinct vertices in V (K q ). Let G 1 and G 2 be subgraphs of K p and K q induced by V (K p )\{a, b} and V (K q )\{c, d}, respectively. Define the following orientation F (see Fig. 3 ): (
(iii) add the four arcs {a, b} → c and d → {a, b} between K p and K q .
It can be easily checked that d(F ) = 3. This proves (2).
The first part of the last task
In this section, we shall establish the following result.
Theorem 2 will be established by a sequence of propositions, which we are going to develop. We begin with the following useful observation.
then there are at least p arcs of type i, for each i = 1, 2, and so n 2p. Furthermore, if n < p + q, then
Suppose F has less than p arcs of type 1. Then
at least q arcs of type 1 in F, a contradiction since p q. Similarly, if F has less than p arcs of type 2, then there is a vertex w ∈ V (K p ) such that
, there are at least q arcs of type 2, again a contradiction. Thus F has at least p arcs of type 1 and p arcs of type 2, and so n 2p.
Suppose n < p + q and assume that
for each vertex v in K q , there are at least q arcs of type 1, which implies that n p + q, a contradiction. Assume there are at least q arcs of type 2, and so n p + q, again a contradiction. This proves Lemma 2.
We shall now develop a number of propositions aiming at proving Theorem 2.
Proposition 1. There exists a graph G in
Proof. Assume first that p is odd. We shall provide an orientation of a graph
Taking all indices modulo p, define the orientation F of G as follows:
It can be verified that d(F ) = 2. An illustrative example is given in Fig. 4 where p = 5. We next let q * = p * = p + 1 (note that p * and q * are even) and provide an orientation
(i ) for edges a i a j and b i b j , 1 i, j p, we orient them in the same way as described It can again be verified that d(F * ) = 2. We give another illustrative example in Fig. 5 where
The proof of Proposition 1 is thus complete.
Note:
We shall see in what follows that the orientations given in Proposition 1 could be extended to design other orientations for appropriate graphs when q p + 1.
Proposition 2. There exists a graph G in
Proof. Assume that p is odd. We first provide an orientation of a graph G in G 2p with diameter 2. Let V (K p ) = {a 1 , a 2 It is easy to verify that d(F ) = 2. An illustrative example is given in Fig. 6 where p = 5. We next consider the case when p is even and provide an orientation F * for a graph H in G 2p with diameter 2. Let V (K p ) = {a 1 , a 2 It can again be verified that d(F * ) = 2. We give another illustrative example in Fig. 7 where p = 6.
The proof of Proposition 2 is thus complete.
We shall now proceed to consider the cases when q = p + k, where k = 2, 3. We shall show in Propositions 3 and 5 that when q p + k, where k = 2, 3, for any orientations F p and F q of K p and K q , the minimum number of arcs required to be added to link F p and F q so that the resulting digraph has diameter 2 is at least 2p + k − 1. The value of in Theorem 2 is then determined by providing orientations of diameter 2 for graphs in G 2p+1 when q = p + 2; and graphs in G 2p+2 when q = p + 3. It can be verified that d(F ) = 2. An illustrative example is given in Fig. 8 1 , a 2 , . . . , a p−1 } and {b 1 , b 2 , . . . , b p−1 }, respectively. Noting that G 1 and G 2 are both complete graphs of odd order p − 1, we define the following orientation F * of a graph H in G 2p+1 :
(i ) orient the edges in E(G 1 ) and E(G 2 ) as described in the proof of Proposition 1; It can again be verified that d(F * ) = 2. We give another illustrative example in Fig. 9 where p = 6.
The proof of Proposition 4 is thus complete.
Proposition 5. If q p + 3 and
Proof. By Proposition 3, n 2p + 1. Suppose n = 2p + 1 and assume that q p + 3 and F is an orientation of G in G 2p+1 such that d(F ) = 2. Let C be the set of all type 1 arcs and D be the set of all type 2 arcs in F.
Since n = 2p + 1, by Lemma 2, we see that (|C|, |D|) is either (p, p + 1) or (p + 1, p). This implies that there exists
(1, 2), and
and B = V (K q )\A. We first consider the case when ( As |D| = p and − (x) = 1 for all x ∈ V (K p ), we observe that for all y, y ∈ V (K q )
Since |D| = p and + (w) 2 for all w ∈ A, |A| p/2 . Thus, |B| = q − |A| p/2 + 3.
As |C| = p + 1 and |B| p/2 + 3, there exists y ∈ B such that
and w ∈ A such that u → y and w → u in F. Since |A| 2 and
such that x u in F. In this case, we have d F (x, y) 3, a contradiction. Finally, consider the case when ( 2) . If, in this case, there exists
for the former case, a contradiction. The proof of Proposition 5 is thus complete.
Proposition 6. There exists a graph G in
Proof. Assume first that p is odd. We shall provide an orientation of a graph G in G 2p+2 with diameter 2. (i) orient the edges in E(K p ) and E(G 1 ) as described in the proof of Proposition 1;
It is straightforward to verify that d(F ) = 2. An illustrative example is given in Fig. 10 where p = 5.
We next consider the case when p is even and provide an orientation F * for a graph H in G 2p+2 with diameter 2. Let V (K p ) = {a 1 , a 2 (
It can again be verified that d(F * ) = 2. We give another illustrative example in Fig. 11 where p = 6.
The proof of Proposition 6 is thus complete.
We now arrive at Theorem 2 by combining Propositions 1-6.
The second part of the last task
In this final section, we shall estimate the value of for the case when q p + 4. Proposition 5 implies that 2p + 2. Our last aim here is to provide an upper bound for .
Theorem 3. Let = min{m:
Proof. We first provide an orientation of a graph G in G 2p+4 with diameter 2 for all p 5, (iv) orient a 1 → {a 2 , a 3 }, a 2 → a 3 → a 4 and a 4 → {a 1 , a 2 };
By our construction, we have d F (x, y) 2 and d F (u, v) 2 for all x, y ∈ V (G 1 ) and u, v ∈ V (G 2 ). Table 1 provides a complete check for the remaining cases that d(F ) = 2 and Fig. 12 gives an illustration of the orientation.
Note that when p = 6, 8, both K 2 and K 4 do not have orientations with diameter 2. These two cases will now be considered separately.
For p=6, 8, we modify the above orientation slightly. First consider p=6. Here G 1 =K 2 . Let V (G 1 ) = {u, w} and define the following orientation F 6 of G in G 16 :
(1) orient the edges in E(G 2 ) such that d(x, y) 2 for all x, y ∈ V (G 2 ); (2) orient w → u; Table 1 Claim Explanation
and
and (3 ) orient {a 1 , a 3 } → {u, v, z} → {a 2 , a 4 } and {a 3 , a 4 } → w → {a 1 , a 2 }; (4 ) similar orientations as those described above for items (iii)-(v); (5 ) add the 2p + 4 arcs as described above for item (vi). Remark. While the exact value of when q p + 4 has yet to be determined, we believe that, from our preliminary work on the isolated case of p = 5, = 2p + 3 if q = p + 4, 2p + 4 if q p + 5.
